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Abstract: A definition for the entanglement entropy in a gauge theory was given recently
in arXiv:1501.02593. Working on a spatial lattice, it involves embedding the physical state
in an extended Hilbert space obtained by taking the tensor product of the Hilbert space
of states on each link of the lattice. This extended Hilbert space admits a tensor product
decomposition by definition and allows a density matrix and entanglement entropy for the
set of links of interest to be defined. Here, we continue the study of this extended Hilbert
space definition with particular emphasis on the case of Non-Abelian gauge theories.
We extend the electric centre definition of Casini, Huerta and Rosabal to the Non-
Abelian case and find that it differs in an important term. We also find that the entangle-
ment entropy does not agree with the maximum number of Bell pairs that can be extracted
by the processes of entanglement distillation or dilution, and give protocols which achieve
the maximum bound. Finally, we compute the topological entanglement entropy which
follows from the extended Hilbert space definition and show that it correctly reproduces
the total quantum dimension in a class of Toric code models based on Non-Abelian discrete
groups.
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1 Introduction
Quantum systems are known to behave in essentially different ways from their classical
counterparts. Entanglement is a key property that characterises quantum correlations and
entanglement entropy provides a quantitative measure of some of these essential differ-
ences. For a bipartite system consisting of two parts A,B, with Hilbert spaces, HA,HB,
respectively, which is in a pure state, |ψ〉, the entanglement entropy SEE is obtained by
constructing the density matrix of one of the two parts, say A, after tracing over the second
one, B,
ρA = TrHB |ψ〉〈ψ| (1.1)
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and computing its von Neumann entropy
SEE = −TrHAρA log ρA. (1.2)
The Hilbert space of the full system in this case is given by the tensor product
H = HA ⊗HB. (1.3)
In a gauge theory the definition of the entanglement gets more complicated. It turns
out that the Hilbert space of physical states, i.e., gauge-invariant states, does not admit a
tensor product decomposition of the type eq.(1.3) in terms of the Hilbert space of states
in a region A and its complement. Thus, it is not clear how to compute the entanglement
described above. This is a very general feature in gauge theories and it is related to the
presence of non-local operators like Wilson lines, which create non-local excitations, in these
theories.
Several approaches have been suggested in the literature, see, [1–11], to circumvent this
problem and arrive at a satisfactory definition of entanglement entropy for a gauge theory.
Here we will follow the approach discussed in [1] (GST), see also [9], which is also related
to the earlier work, [3, 4]. In this approach, by working on a spatial lattice, a definition of
entanglement entropy for a gauge theory is given as follows. One first embeds the space
of gauge-invariant states in a bigger space H obtained by taking the tensor product of the
Hilbert spaces on each link of the lattice. This space, H, by definition admits a tensor
product decomposition in terms of the Hilbert spaces for the set of links of interest, which
we denote as Hin, and the Hilbert space for the rest of the links, Hout. We can write,
H = Hin ⊗ Hout, which is analogous to eq.(1.3). It is then straightforward to obtain the
density matrix, ρin, eq.(1.1), by taking a trace over Hout, and from it the entropy, eq.(2.4).
The definition given in GST works for any set of links, including in particular a set of links
which are adjacent or close to each other in space. We will refer to it as the extended
Hilbert space definition below.
This definition has several nice features. It is gauge-invariant. It meets the condition
of strong subadditivity. And it can be shown to agree with a path integral definition of
entanglement which follows from the replica trick1. The definition applies to both Abelian
and Non-Abelian theories and can be readily extended to gauge theories with matter.
The purpose of this paper is to explore the extended Hilbert space definition further
and elucidate some of its properties.
A different approach for defining the entanglement entropy was given in the work of
Casini, Huerta and Rosabal (CHR) [2], see also [6]. In this approach one works with gauge-
invariant states, and the algebra of operators acting in the region A and its complement
B. For a gauge theory it was argued that this algebra has a non-trivial centre, and this
centre is responsible for the space of gauge-invariant states not having a tensor product
decomposition, eq.(1.3). One can overcome this obstacle by diagonalising the centre and
1More accurately, since there can be ambiguities in the replica trick on the lattice, the extended Hilbert
space definition agrees with the path integral implementing a particular version of the replica trick.
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going to sectors where it takes a fixed value. The Hilbert space of gauge-invariant states in
each sector then does admit a tensor product decomposition, leading to a definition of the
density matrix and the entanglement entropy. The different sectors are in fact superselection
sectors since no local gauge-invariant operators, acting on either the inside or the outside,
can change the sector. It turns out that different choices of the centre are possible and
give different definitions for the entanglement on the lattice. A particular choice, called the
electric centre, corresponds to specifying the total electric flux entering the links of interest
at each vertex lying on the boundary. By Gauss’ law this is also equal, up to a sign, to the
total flux leaving the links of interest at the boundary vertices. This choice leads to the
electric centre definition of the entanglement entropy.
For Abelian theories it was shown that the extended Hilbert space definition agreed
with the electric centre definition, [1, 2]. The extended Hilbert space definition can also be
expressed as a sum over sectors carrying different electric fluxes into the region of interest,
and the contributions from each such sector agrees with what arises in the electric centre
definition for the Abelian case. As mentioned above, the extended Hilbert space definition
also works for Non-Abelian theories. In this paper we show how the resulting entanglement
entropy in the Non-Abelian case can also be expressed as a sum over different sectors
with each sector specifying, in a gauge-invariant way, the electric flux entering the inside
links. We then try to extend the electric centre definition, by analogy from the Abelian
case, to the Non-Abelian case, and again obtain a result which is a sum over the different
electric flux sectors. However, interestingly, we find that the two definitions lead to different
contributions in each sector, resulting in a different final result for the entanglement entropy.
The difference between the two definitions is tied to an interesting subtlety which arises
in the Non-Abelian case. In both the Abelian and Non-Abelian cases the entanglement
entropy gets contributions of two kinds. One kind is a sort of “classical” term which arises
due to the system having a probability for being in the different superselection sectors.
The second kind is due to the entanglement entropy within each superselection sector. In
the Non-Abelian case, in the extended Hilbert space definition, the classical term in turn
has two contributions. These give rise to the first two terms in eq.(2.29), and eq.(2.30),
which will be discussed in section 3 in more length. One contribution is analogous to
the Abelian case and arises due to the probability of being in the different superselection
sectors. The other contribution, which is intrinsically a feature of the Non-Abelian case,
arises as follows. In sectors which carry non-trivial electric flux at a boundary vertex, the
inside and outside links which meet at this vertex by themselves transform non-trivially
under gauge transformations, but together must combine to be gauge-invariant. Since in
the Non-Abelian case representations of the symmetry group are of dimension greater than
one this results in non-trivial entanglement between the inside and outside links and the
resulting additional contribution to the entropy. This contribution was also discussed in [4]
and [8, 9]. It turns out that this contribution of the classical kind is absent in the electric
centre definition.
In quantum information theory an operational measure of entanglement entropy is
provided by comparing the entanglement of a bipartite system with a set of Bell pairs.
This comparison is done by the process of entanglement distillation or dilution. It is well
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known that for a system with localised degrees of freedom, like a spin system or a scalar
field theory, the resulting number of Bell pairs produced in distillation or consumed in
dilution, agrees with the definition given above, eq.(2.4). More correctly, this is true in the
asymptotic sense, when one works with n copies of the system and takes the n→∞ limit.
Only local operations and classical communication (LOCC) are allowed in these processes.
It was already mentioned in [1], see also [2], that for gauge theories the extended Hilbert
space definition is not expected to agree with such an operational definition. In particular
the total entanglement extracted in the form of Bell pairs in distillation or dilution should
be smaller. The difference arises because physical LOCC operations can only involve local
gauge-invariant operations and these are insufficient to extract all the entropy. In this paper
we also explore this question in greater depth. As was mentioned above, the entanglement
entropy in the extended Hilbert space definition gets contributions of two kinds, a classical
contribution, and a quantum contribution due to entanglement within each superselection
sector. We show that in the asymptotic sense mentioned above, all the entanglement of
the second kind can be extracted in distillation or dilution, but none of the contribution of
the first kind is amenable to such extraction. We make this precise by presenting protocols
which achieve the maximum number of extracted Bell pairs for distillation and dilution.
This result is not unexpected, and was anticipated in the Abelian case, [2], since local
gauge-invariant operators cannot change the superselection sectors and therefore are not
expected to be able to access the entropy contribution of the first kind.
Since the full entanglement entropy in the extended Hilbert space definition cannot be
operationally measured one might wonder whether the correct definition of entanglement
is obtained by simply keeping that part which does agree with the measurements. It has
been shown that the entanglement entropy can be useful for characterising systems with
non-trivial quantum correlations in states with a mass gap. For example, the entanglement
entropy has been used to define the topological entanglement entropy [12, 13] which in turn
is related to important properties of the system like the degeneracy of ground states on
a manifold of non-trivial topology, and the total quantum dimension of excitations in the
system. In section 5 we calculate the topological entanglement entropy for a class of Toric
code models [14] based on non-Abelian discrete groups using the extended Hilbert space
definition. We show that the correct result is obtained. This result gets contributions from
both the classical and non-classical terms in general. In the contribution from classical
terms both the first and second terms in eq.(2.30) which were mentioned a few paragraphs
above contribute. Thus dropping these terms, which cannot be measured in distillation
or dilution, would not lead to the correct answers for various physical questions tied to
entanglement in these systems.
This paper is organised as follows. We discuss the extended Hilbert space definition in
section 2, then compare to the electric centre definition which is given for the Non-Abelian
case in section 3. A discussion of the entanglement distillation and dilution protocols follows
in section 4. An analysis of the Toric code models is presented in section 5. We end in
section 6 with a discussion, for good measure, of the entanglement in the ground state of
an SU(2) gauge theory to first non-trivial order in the strong coupling expansion. We find
that to this order the entanglement arises solely due to the classical terms.
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2 The Definition
In this section we review the extended Hilbert space definition of entanglement entropy
given in GST, see also [9].
2.1 General Discussion
We work in a lattice gauge theory in the Hamiltonian framework. The degrees of freedom
of the theory live on links Lij of a spatial lattice. Gauge transformations GVi are defined
on vertices, Vi. Physical states are gauge-invariant and satisfy the condition
GVi |ψ〉 = |ψ〉 . (2.1)
These physical states span the Hilbert space of gauge-invariant states, denoted by Hginv.
An extended Hilbert space is defined as follows. The degrees of freedom on each link
form a Hilbert space Hij . The extended Hilbert space is then given by H = ⊗Hij where
the tensor product is taken over all links. We are interested in defining the entanglement
entropy of a set of links, which we loosely call the “inside links.” The remaining links, not
in the inside, are the “outside links.” In fig. 1, which shows a square lattice for example,
the inside links are shown as solid lines, while the outside links are shown as dashed lines.
H admits a tensor product decomposition in terms of the Hilbert space of the links of
interest, Hin and its complement, which is the Hilbert space of outside links, Hout. Also, if
H⊥ginv is the orthogonal complement of Hginv then H can be written as the sum
H = Hginv ⊕H⊥ginv. (2.2)
To define the entropy we regard |ψ〉 ∈ H, then trace over Hout to get the density matrix
ρin = TrHout |ψ〉〈ψ|. (2.3)
The entanglement entropy is then defined as
SEE = −TrHinρin log ρin. (2.4)
This definition has several nice properties that were reviewed in GST. It is unambiguous
and gauge-invariant. And it meets the strong subadditivity condition. We also note that
the density matrix ρin correctly gives rise to the expectation value of any gauge-invariant
operator Oˆ which acts on the inside links. This is because |ψ〉 is orthogonal to all states in
H⊥ginv.
SEE can be expressed in a manifestly gauge-invariant manner in terms of superselection
sectors as follows. We define inside vertices as those on which only links securely in the
inside set end, outside vertices as those on which only outside links end, and boundary
vertices as those on which some links inside and some outside links end. In fig. 1, for
example, V1 is a boundary vertex on which three inside links and one outside link end. A
superselection sector is specified by a vector k which gives the total electric flux entering the
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V1
Figure 1. An example of a region in a lattice. The solid lines are the inside links, and the dotted
lines are outside links. V1 is an example of what we call a boundary vertex, one which has both
inside and outside links ending on it.
inside links at all the boundary vertices. Labelling the boundary vertices as Vi, i = 1, · · ·N ,
the ith entry ki of k is the total electric flux entering the inside at the Vi boundary vertex.
Then the inside Hilbert space Hin can be written as a sum
Hin = ⊕Hkin, (2.5)
where Hkin is the subspace of Hin corresponding to the sector with flux k.
It can be shown that ρin is block diagonal in the different sectors and takes the form
ρin = ⊕ρkin, (2.6)
where ρkin acts on Hkin.
SEE can then be expressed as
SEE = −
∑
k
TrHkinρ
k
in log ρ
k
in. (2.7)
Let
ρkin = pkρ˜
k
in, (2.8)
where
TrHkinρ
k
in = pk (2.9)
so that
TrHkin ρ˜
k
in = 1. (2.10)
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Then eq.(2.7) gives
SEE = −
∑
k
pk log pk −
∑
k
pkTrHkin ρ˜
k
in log ρ˜
k
in. (2.11)
The different sectors specified by the electric flux k are called superselection sectors
because no gauge-invariant operator acting on the inside links alone can change these sec-
tors. On the other hand gauge-invariant operators which act on both inside and outside
links can change these sectors, e.g., Wilson loops that extend from the inside to the outside
links.
The description above applies to all gauge theories without matter. These include
discrete Abelian theories, like a Z2 theory, continuous Abelian theories, e.g., a U(1) theory,
and finally Non-Abelian gauge theories, like an SU(2) gauge theory.
2.2 Non-Abelian Theories
For the Abelian cases a specification of the flux ki at each boundary vertex is straightfor-
ward. On the other hand, for the Non-Abelian case there is an important subtlety which
we now discuss. This subtlety has to do with the fact that the irreducible representations
in the Non-Abelian case are not one-dimensional.
Consider as a specific example the SU(2) group, where each link, Lij , has as its degree
of freedom a 2× 2 matrix Uij ∈ SU(2). The corresponding state in the Hilbert space Hij is
denoted by |Uij〉. There are two sets of operators Jˆaij , a = 1, 2, 3, and Jˆ aij , a = 1, 2, 3, which
acts as generators of the algebra, acting on the left and right respectively,
ei
aJˆaij |Uij〉 =
∣∣∣∣(1 + iaσa2
)
Uij
〉
(2.12)
ei
aJˆ aij |Uij〉 =
∣∣∣∣Uij (1− iaσa2
)〉
. (2.13)
The links Lij are oriented to emanate from vertex Vi and end on Vj . It is easy to see that
with the definitions above
Jˆ aij = Jˆaji, a = 1, 2, 3. (2.14)
Also, one can show that,
(Jˆij)
2 = (Jˆij)2. (2.15)
The gauge transformation at Vi is then generated by
GV i = e
ia
∑
j Jˆ
a
ij , (2.16)
where the sum on the RHS is over all links emanating from Vi.
Now consider a boundary vertex, Vi. An example is the vertex V1 shown in Fig. 1.
The total electric flux carried to outside from Vi is given by
JˆaT,out,i =
∑
j
Jˆaij , (2.17)
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where the sum is over all links which are in the outside set. Similarly the total flux carried
inside is given by
JˆaT,in,i =
∑
j
Jˆaij , (2.18)
with the sum being over all links going in.
Gauss’ law says that
JˆaT,out,i = −JˆaT,in,i. (2.19)
The superselection sectors are then specified by a choice of ki = (JˆT,in,i)2 = (JˆT,out,i)2 for
all boundary vertices Vi. Since the operators, (JˆT,in,i)2, (JˆT,out,i)2 are gauge-invariant, this
is a gauge-invariant characterisation of the superselection sectors.
Now we come to the subtlety. It is easy to see that the density matrix which arises for
a gauge-invariant state by tracing over Hout satisfies the relation
[ρin, Jˆ
a
T,in,i] = 0. (2.20)
Similarly, all gauge-invariant operators acting on inside links must also commute with JˆaT,in,i.
Now suppose
ki = ji(ji + 1), (2.21)
corresponding to the 2j + 1 dimensional irreducible representation of SU(2). Then Hkin
must furnish a corresponding representation of JˆaT,in,i. These two features mean that Hkin
can be written as a tensor product
Hkin = H1 ⊗H2 · · · ⊗ Hi ⊗ · · ·Hn ⊗ Hˆkin, (2.22)
where Hi is a 2ji + 1 dimensional Hilbert space and i = 1 . . . n label the boundary vertices.
All gauge-invariant operators, and also ρkin, act non-trivially only on the last term in the
tensor product, Hˆkin, and are trivial on the other factors. E.g., ρkin can be written as
ρkin = I2j1+1 ⊗ · · · I2ji+1 ⊗ · · · ⊗ I2jn+1 ⊗ ρˆkin, (2.23)
where ρˆkin acts on Hˆkin, and I2ji+1 denotes the identity operator acting on Hi. A gauge-
invariant operator O acting on inside links alone cannot change the superselection sectors.
In the sector k this takes the form
Ok = I2j1+1 ⊗ · · · I2ji+1 ⊗ · · · ⊗ I2jn+1 ⊗ Oˆk, (2.24)
where Oˆk acts on Hˆkin.
On the other hand, JˆaT,in,i, a = 1, 2, 3, act non-trivially only on Hi and not on the other
factors,
JˆaT,in,i = I2j1+1 ⊗ Jai ⊗ · · · ⊗ I2jn+1 ⊗ I, (2.25)
where Jai denotes a matrix in the 2ji+1 dimensional representation of SU(2) acting on the
Hi Hilbert space.
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As a result the second term in eq.(2.11) can be further split in two. The normalised
density matrix, ρ˜kin was defined in eq.(2.8) , eq.(2.10), above by rescaling the density matrix.
This operator can also be written in the form eq.(2.23),
ρ˜kin = I2j1+1 ⊗ · · · I2ji+1 ⊗ · · · ⊗ I2jn+1 ⊗ ˆ˜ρ
k
in (2.26)
with ˆ˜ρ
k
in replacing ρˆkin. It is now convenient to further rescale and define the operator
ρ¯kin =
(∏
i
(2ji + 1)
)
ˆ˜ρ
k
in. (2.27)
It is easy to see from eq.(2.23) that this operator satisfies the condition
TrHˆkin ρ¯
k
in = 1. (2.28)
The entanglement entropy can then be written as a sum of three terms
SEE = −
∑
k
pk log pk +
∑
k
pk
(∑
i
log(2ji + 1)
)
−
∑
k
pkTrHˆkin ρ¯
k
in log ρ¯
k
in. (2.29)
Here k denotes the different superselection sectors. The sum over index i in the second
term is over all boundary vertices, with ji being the value of the total incoming angular
momentum, (JˆaT,in)
2 at the ith boundary vertex, related to ki by eq.(2.21). Note that the
last trace is over the Hˆkin subspace.
The second term in eq.(2.29) then is the extra contribution which arises in the Non-
Abelian case since the irreducible representations can have dimension greater than unity.
Physically, the total angular momentum at a boundary vertex must sum to zero. This
results in a correlation between the in-going and out-going links at the vertex. The in-
going links together give rise to a state in the 2ji + 1 dimension representation and so do
the out-going links. Then these two states combine to give a singlet of the total angular
momentum emanating from the vertex. The requirement of being in a singlet state entangles
the state of the ingoing and outgoing states non-trivially, since the representations are not
one dimensional. This extra entanglement results in the second term in eq.(2.29).
We have chosen the SU(2) example for simplicity. The generalisation to any Non-
Abelian group is immediate. The analogue of JˆaT,in,i, Jˆ
a
T,out,i are the generators of the group
acting on the ingoing and outgoing links. Superselection sectors are specified by giving
the irreducible representations, ri, under which these generators transform, at all boundary
vertices2, Vi. And in the second term in eq.(2.29), log(2ji + 1) is replaced by log di where
di is the dimension of the ri representation. As a result the entanglement is given by
SEE = −
∑
k
pk log pk +
∑
k
pk
(∑
i
log di
)
−
∑
k
pkTrHˆkin ρ¯
k
in log ρ¯
k
in. (2.30)
2More correctly if the outgoing links transform as the ri representation then the ingoing links must
transform as the conjugate representation r¯i. Together these give the identity in a unique way.
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We end with some concluding comment. The first term in eq.(2.11) for the Abelian
case is sometimes referred to as a kind of “classical” contribution to the entropy. It is the
minimum entropy which would arise from a density matrix, eq.(2.6), which meets the condi-
tion, eq.(2.9). This minimum contribution would arise if ρ˜k, eq.(2.8), in each superselection
sector corresponds to a pure state. Similarly, we may regard the first two terms in eq.(2.30)
for the non-Abelian case also as a classical contribution. It too is the minimum contribution
which arises for a density matrix which satisfies the condition, eq.(2.9), and which has the
form eq.(2.23) required by eq.(2.20).
Gauge-invariant operators acting on only the inside or outside links cannot change
the superselection sectors labelled by k, and the probabilities pk or the values of di. This
suggests that the minimal contribution to the entanglement represented by the first term in
eq.(2.11) and the first two terms in eq.(2.30) cannot be extracted in dilution or distillation
experiments. We will see in section 4 that this expectation is indeed borne out.
3 The Electric Centre Definition
For the Abelian case a different approach for defining the entanglement entropy using only
the gauge-invariant Hilbert space of states Hginv and not the extended Hilbert space was
adopted in [2], see also, [6].
It was shown in [2] and [1] that the electric centre choice of CHR leads to a definition of
entanglement entropy that coincides with the extended Hilbert space definition given above
in the Abelian case. Here we examine the electric centre definition in the Non-Abelian case
and find that it in fact differs from the definition given above, precisely in the second term
on the RHS of eq.(2.30).
3.1 General Discussion
The essential point in the definition given by CHR is to focus on the algebra of gauge-
invariant operators, Ain, and Aout, which act on the inside and outside links respectively.
These algebras, it was argued, have a non-trivial centre,
Ain ∩ Aout = Z, (3.1)
for a gauge theory, which commutes with both Ain and Aout. This non-trivial centre is the
essential obstacle to obtaining a tensor product decomposition of Hginv.
To circumvent this problem, in the definition given by CHR, one works in sectors where
the centre is diagonalised. Within each sector, labelled by say index i, the intersection in
eq.(3.1) is now trivial, containing only the identity. It can then be argued that the subspace,
Higinv, of states in this sector admits a tensor product decomposition
Higinv = Higinv,in ⊗Higinv,out (3.2)
with the operators in Ain,Aout in the sector taking the form
Oiin ⊗ Iiout, Iiin ⊗O′iout (3.3)
– 10 –
respectively. The full Hilbert space can then be decomposed as
Hginv =
⊕
i
Higinv =
⊕
i
Higinv,in ⊗Higinv,out (3.4)
and the density matrix of the inside ρin can be written as a sum over components in the
different sectors,
ρin = ⊕iρiin, (3.5)
where each component ρiin is obtained by starting with Higinv and tracing over Higinv,out.
Depending on which choice is made for the centre, one gets different definitions of the
entanglement entropy. As mentioned above, the electric centre choice of CHR leads to a
definition of entanglement entropy that coincides with the extended Hilbert space definition
given above in the Abelian case. The index i introduced above for different sectors in this
case coincides with the vector k which gives the electric flux entering the inside at each
boundary vertex.
From our discussion in section 2.1, see also GST, it follows that in the Abelian case
by working in the extended Hilbert space H and considering the space of gauge-invariant
states Hginv ⊂ H, we get
Hginv =
⊕
k
Hkginv,in ⊗Hkginv,out. (3.6)
Here Hkginv,in ⊂ Hkin, consists of all states lying in Hkin which are invariant under gauge
transformations acting on the inside vertices. Similarly, Hkginv,out ⊂ Hkout consists of states
invariant under gauge transformations acting on outside vertices.
3.2 Non-Abelian Case
We now turn to examining the electric centre definition in the Non-Abelian case. For
concreteness we work again with the SU(2) gauge theory; the generalisation to other Non-
Abelian groups is quite straightforward. It is clear that here too there is a non-trivial centre
in the algebra of gauge-invariant operators, Ain,Aout, which act on the inside and outside
links. The choice for the centre we make, which is the analogue of the electric centre choice
in the Abelian case, is given by {Jˆ2i }, where this set contains the quadratic Casimirs at
each boundary vertex Vi 3
Jˆ2i = (JˆT,in,i)
2. (3.7)
Physically {Jˆ2i } is a gauge-invariant way to measure the electric flux entering a boundary
vertex.
That these operators lie in the centre follows from noting that on gauge-invariant states,
eq.(2.19) is valid and also that (JˆT,out,i)2, (JˆT,in,i)2 obviously commute with operators lying
in Ain,Aout, respectively. Diagonalising the operators, eq.(3.7) and working in sectors
consisting of eigenstates with fixed eigenvalues of the centre then leads to superselection
sectors, specified by a vector k, with ki, eq.(2.21), specifying the eigenvalue of Jˆ2i at Vi.
3This fact was also pointed out in [15].
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So far everything in the discussion is entirely analogous to what was done in the extended
Hilbert space case; it also ties in with the general discussion of the CHR approach in the
beginning of this section.
On general grounds, mentioned at the beginning of the section, one expects that the
states of Hginv lying in each of these sectors should now admit a tensor product decompo-
sition of the form eq.(3.2), with the label i being identified with k. The gauge-invariant
operators restricted to this sector must also take the form, eq.(3.3).
To compare the electric centre definition we are developing here and the extended
Hilbert space description above we now relate the spaces Hkginv,in, Hkginv,out, with those
arising in the extended Hilbert space description discussed in section 2.2.
Notice that the extended Hilbert space H can be written as
H =
⊕
Hk, (3.8)
where
Hk = Hkin ⊗Hkout. (3.9)
Just as Hkin can be expanded as eq.(2.22) so also Hkout can be written as,
Hkout = H
′1 ⊗ · · · ⊗ H′i ⊗ · · · ⊗ H′n ⊗ Hˆkout. (3.10)
The dimensions of Hi, eq.(2.22) and H′i, eq.(3.10) are the same for i = 1, · · ·n, and equal
to 2ji + 1.
There is a subspace Hˆkginv,in of Hˆkin which is gauge-invariant with respect to all gauge
transformations acting on the inside vertices, and similarly Hˆkginv,out ⊂ Hˆkout which is gauge-
invariant with respect to all gauge transformations on the outside vertices.
We now argue that the spacesHkginv,in,Hkginv,out, can be identified with Hˆkginv,in, Hˆkginv,out,
respectively.
To show this we consider a gauge-invariant state |ψ〉 which lies in the sector k. This
state can be embedded in the Hk sector of the extended Hilbert space. In fact, since the
state is invariant with respect to gauge transformations acting on the inside and outside
vertices it lies in the subspace
H′1 ⊗ · · · ⊗ H′n ⊗ Hˆkginv,out ⊗H1 ⊗ · · · ⊗ Hn ⊗ Hˆkginv,in. (3.11)
Gauge-invariance at the boundary vertices requires that the components in H1,H′1,
and similarly for all the other boundary vertices, pair up to be singlets under the boundary
gauge transformations. This means that any state |ψ〉 must be of the form
|ψ〉 =
∑
α1,α′1
cα1,α′1 |α1〉 ⊗ |α′1〉
⊗
∑
α2,α′2
cα2,α′2 |α2〉 ⊗ |α′2〉
 · · ·
 ∑
αn,α′n
cαn,α′n |αn〉 ⊗ |α′n〉

⊗
∑
A,b
CAb|A〉in ⊗ |b〉out. (3.12)
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Here |α1〉, |α′1〉, with α1, α′1 = 1, · · · , 2j1 + 1 are a basis for H1,H
′1 respectively and so
on. The coefficients cα1,α′1 are such that the state is a singlet with respect to gauge trans-
formations at the vertex V1 and similarly for the other boundary vertices. In the last
term {|A〉}, {|b〉} are bases in Hˆkginv,in, Hˆkginv,out, respectively, so this term gives a state in
Hˆkginv,in ⊗ Hˆkginv,out. Note that for all states in this sector the first n terms in the ten-
sor product above remain the same and only the last term which involves the state in
Hˆkginv,in ⊗ Hˆkginv,out changes.
This shows that there is a one to one correspondence between states in the space
Hkginv, which arose in the electric centre discussion and states in Hˆkginv,in⊗Hˆkginv,out, which
we defined using the extended Hilbert space. The map is one-to-one because given any state
in Hˆkginv,in⊗Hˆkginv,out, we can obtain a state in Hkginv by appending the first n terms which
ensure gauge-invariance with respect to boundary gauge transformations. Moreover from
the form of a gauge-invariant operator Okin, eq.(2.24) which acts on inside links and a similar
form for operators acting on the outside links we see that acting on Hˆkginv,in⊗Hˆkginv,out these
operators take the form, Oˆkin ⊗ Iout, Iin ⊗ Oˆkout respectively in Hˆkginv,in ⊗ Hˆkginv,out.
It then follows, from the general arguments at the beginning of the section, that
Hkginv,in,Hkginv,out, which we defined in the electric centre discussion above can be iden-
tified with Hˆkginv,in, Hˆkginv,out, respectively,
Hkginv,in ' Hˆkginv,in, (3.13)
Hkginv,out ' Hˆkginv,out. (3.14)
We remind the reader that Hˆkginv,in, Hˆkginv,out were defined by working in the extended
Hilbert space, H.
As a result, it follows from eq.(3.4) and eq.(3.13), eq.(3.14), that the Hilbert space of
gauge-invariant states can be expressed as a sum
Hginv =
⊕
Hˆkginv,in ⊗ Hˆkginv,out. (3.15)
3.3 Entanglement Entropy
We now come to the main point of this section, namely the difference between the entangle-
ment entropy which arises from the electric centre description given above and the extended
Hilbert space definition of the entanglement entropy.
To calculate the difference we need to relate the density matrix ρin in the two cases.
The density matrix in the superselection sector k for the extended Hilbert space is given
in eq.(2.23). For a gauge-invariant state |ψ〉, it is easy to see that ρˆkin has support only on
Hˆkginv,in ⊂ Hˆkin. Up to a normalisation, we now argue that the density matrix in a sector
k in the electric centre definition is in fact ρˆkin restricted to Hˆkginv,in. By construction the
expectation value for any gauge-invariant operator can be calculated by working in the
extended Hilbert space. For an operator acting on the inside links we get
〈Oin〉 =
∑
k
TrHkinO
k
inρ
k
in. (3.16)
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From eq.(2.23), eq.(2.24), we see that
TrHkinO
k
inρ
k
in =
(∏
i
(2ji + 1)
)
TrHˆkginv,inOˆ
k
inρˆ
k
in, (3.17)
where we have used the fact that the trace on the RHS can be restricted to Hˆkginv,in, since
O is gauge-invariant and ρkin has support only in Hˆkginv,in. From eq.(2.8), eq.(2.9), eq.(2.27)
it then follows that the density matrix in sector k in the electric centre definition is given
by
ρkin,ec = pkρ¯
k
in (3.18)
From eq.(2.28) and the fact that ρ¯kin has support on only Hˆkginv,in it follows that
TrHˆkginv,in ρ¯
k
in = 1 (3.19)
It then follows that the entanglement entropy which in the electric centre definition is
given by
SEE,ec = −
∑
k
TrHˆkginv,inρ
k
in,ec log ρ
k
in,ec, (3.20)
which becomes
SEE,ec = −
∑
k
pk log pk −
∑
k
pkTrHˆkginv,in ρ¯
k
in log ρ¯
k
in. (3.21)
Comparing we see that the second term in eq.(2.29) is missing. More generally, the second
term in eq.(2.30) will be missing, as was mentioned at the start of this section.4 The
physical origin of this missing term was discussed in section 2.2. It arises in the extended
Hilbert space definition because the total angular momentum carried by inside and outside
links meeting at a boundary vertex must sum to zero, giving rise to non-zero entanglement
between the inside and outside links. In the electric centre definition we work with the
Hilbert space of gauge-invariant states Hginv which can be decomposed only in terms of
Hˆkginv,in, Hˆkginv,out, eq.(3.15). As a result this additional contribution is absent.
4 Entanglement Distillation and Dilution
It is a standard practice to compare the entanglement in a bipartite system with a reference
system typically taken to be a set of Bell pairs. The comparison is done using the processes
of entanglement dilution and distillation which involve only Local Operations and Classical
Communication (LOCC), see [16–19]. For a system with local degrees of freedom, like a
spin system, where the Hilbert space of states admits a tensor product decomposition, it is
well known that the number of Bell pairs which are consumed in dilution or produced in
4The trace in the last term in eq.(2.29), eq.(2.30) can be restricted to Hˆkginv,in since ρ¯kin has support
only on this subspace of Hˆkin.
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distillation, is given by the entanglement entropy,
SEE = −Tr(ρ log(ρ)). (4.1)
More accurately, this statement is true in the asymptotic limit where we take n copies of
the system and find that the number of pairs used up in dilution, k′, and those produced
in distillation, k, both tend to the limit,
lim
n→∞
k′
n
= lim
n→∞
k
n
= SEE . (4.2)
where k′ approaches the limit from above and k from below. The starting point for dis-
tillation is that Alice and Bob share n copies of the state |ψ〉 and each has k unentangled
reference qubits. Distillation is the process of converting the qubits into k Bell pairs by
using up the entanglement in |ψ〉. The set-up for dilution is that Alice and Bob share k′
Bell pairs and Alice has n copies of the bipartite system AC in the state |ψ〉 at her disposal.
By LOCC operations the state of the system C is then teleported to Bob, using the Bell
pairs, resulting in the n copies of state |ψ〉 now being shared between Alice and Bob. The
minimum number of Bell pairs required for this is k′. We then find that eq.(4.2) holds
(these statements can be made more precise using ’s and δ’s and the analysis below will
be done in this more careful manner).
In contrast, it was argued in CHR and GST that for the extended Hilbert space defini-
tion of entanglement entropy eq.(4.2) is no longer true for gauge theories. This is because
of the presence of superselection sectors which cannot be changed by local gauge-invariant
operations, as reviewed in section 2. The existence of superselection sectors imposes an es-
sential limitation on extracting the full entanglement entropy using dilution or distillation.
In the Abelian case the entanglement entropy can be written as a sum of two terms given
in eq.(2.11). Similarly in the Non-Abelian case it can be written as the sum of three terms
given in eq.(2.30). One expects that the first term in eq.(2.11) in the Abelian case, and
the first two terms in eq.(2.30) for the Non-Abelian case cannot be extracted using local
gauge-invariant operations.
In this section we will carry out a more detailed investigation and find that this expec-
tation is indeed borne out. For distillation we will find that the state shared between Alice
and Bob at the end is still partially entangled with a residual entanglement entropy that
cannot be reduced any further. This entropy is indeed given by the first term in eq.(2.11) for
the Abelian case and the sum of the first and second terms of eq. (2.30) in the Non-Abelian
case. In dilution we will find that Alice and Bob need to start with a partially entangled
state so that at the end of the dilution process they can share n copies of the state |ψ〉. The
entanglement in this starting state in dilution, per copy, will be the same as the residual
entanglement left after distillation. The number of Bell pairs extracted in distillation and
consumed in dilution in this way will turn out to be equal asymptotically,
lim
N→∞
k′
N
= lim
N→∞
k
N
(4.3)
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But this limit will not equal SEE . Instead, the limit, i.e., maximum number of Bell pairs
which can be extracted, will equal the second term in eq.(2.11) for the Abelian case, and
the third term in eq.(2.30) in the Non-Abelian case.
A similar question relating entanglement to dilution and distillation for a simpler su-
perselection rule, total number conservation, was answered by Schuch, Verstraete and Cirac
(SVC) in [20, 21]. In that case, local operations cannot change the total number of particles
on either Alice or Bob’s side. If a state has 1 particle on each side, then n copies of the
state can be transformed to another state with n particles on each side; that is, there is
still just one superselection rule. In our case, however, each copy has superselection sectors
arising from the fact that the Gauss law constraint must be met in every copy. As a result,
with n copies we get n sets of superselection sectors, one for each copy.
4.1 A Toy Model
We will find it convenient to carry out the analysis in a toy model consisting of just 4
qubits. It will become clear as we proceed that our conclusion can be easily generalised
also to Abelian and Non-Abelian gauge theories. In the discussion below, at the risk of
introducing somewhat confusing conventions, we label a basis for each qubit, as |1〉 and |0〉,
with σ3 |1〉 = |1〉 , σ3 |0〉 = − |0〉.
We will regard this 4 qubit system, as a bipartite system, with the first two qubits
being the first part, A, and the third and fourth qubits being the second part, B. In order
to model the constraint of gauge-invariance we will impose a condition on this system.
Namely, that the only allowed states are those for which the second and third qubits take
the same value. Thus an allowed or physical state in our toy model has the form
|ψ〉 =
1∑
i,j,k=0
√
pjaijk |i, j〉A |j, k〉B =
∑
j
√
pj |ψj〉AB , (4.4)
where
|ψj〉AB =
1∑
i,k=0
aijk |i, j〉A |j, k〉B (4.5)
and we have normalised |ψj〉 so that
〈ψj |ψj〉 = 1. (4.6)
The constraint that the middle two qubits in eq.(4.4) are the same is the analogue of Gauss’
law, which in a gauge theory without matter implies that the electric flux leaving a region
is the same as that entering its complement.
The allowed operators in this toy model are those which preserve the constraint and
therefore change the middle two qubits together so that they continue to be equal. This is
analogous the fact that the allowed operators in a gauge theory are gauge-invariant. As a
result, the full algebra of allowed operators is generated by
G = {σz1 , σx1 , σz2 , σx2 ⊗ σx3 , σz3 , σz4 , σx4} . (4.7)
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Here we are using the notation that the superscript denotes the kind of Pauli matrices,
σx, σy, σz, while the subscript indicates which qubit the matrices act on.
There are two subalgebras, A and B, which act on A and B, of allowed sets of operators,
generated by
GA = {σz1 , σx1 , σz2}, (4.8)
and
GB = {σz3 , σz4 , σx4}, (4.9)
respectively. The centre of each subalgebra is generated by {σz2 = σz3}. The operators in
A and B are the analogue of gauge-invariant operators which act entirely in the inside or
outside links in the gauge theory. The operator σx2 ⊗ σx3 is the analogue of a Wilson loop
which crosses from one region to its complement changing the electric flux.
In the discussion below, in an abuse of terminology, to emphasise the analogy we will
sometimes refer to the allowed operators in the algebra generated by G as gauge-invariant
operators and to the operators in the subalgebras A,B as local gauge-invariant operators.
There are two superselection sectors in this toy model given by two values of the middle
two qubits, j = 1, 0 in eq.(4.4). It is clear that the subalgebras A,B, acting on A or B
cannot change these superselection sectors. An important comment worth noting is that if
we consider n copies of |ψ〉, each copy will have its own superselection sectors, resulting in
a total of 2n superselection sectors.
Let us end with a few more important comments. Starting from |ψ〉 in eq.(4.4) and
tracing over B we get a density matrix
ρ =
[
ρ0 0
0 ρ1
]
(4.10)
for the state in A. ρ is block diagonal with the two blocks referring to the two superselection
sectors where the second qubit takes values 0, 1 respectively. Each block is a 2× 2 matrix.
ρ0, ρ1 are the unnormalised density matrices in these two sectors with
Tr(ρ0) = p0, (4.11)
Tr(ρ1) = p1, (4.12)
being the probabilities for the two superselection sectors.
Now consider an allowed local unitary operator Uˆ . Under the action of this operator
ρ→ UˆρUˆ †. (4.13)
Since U cannot change the superselection sector it is therefore also block diagonal. We then
conclude that any such operator leaves p0, p1 unchanged. Similarly, consider a generalised
measurement. This corresponds to a set of operators, {Mi}, i = 1, · · ·N with∑
i
M †iMi = 1. (4.14)
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Under it the density matrix transforms as
ρ→
∑
i
MiρM
†
i . (4.15)
An allowed measurement must be block diagonal in the basis above since it cannot change
the superselection sector (i.e. each Mi must be block diagonal). It then follows from
eq.(4.15) that this also leaves p0, p1 unchanged, as discussed in SVC.
Next, let us write the state |ψ〉, eq.(4.4) in its Schmidt basis in every sector,
|ψj〉 =
1∑
I=0
√
αI,j
∣∣Ij , j〉
A
∣∣j, Ij〉
B
, (4.16)
Note that the I label takes two values, and has a superscript when it appears as a label
for states because the Schmidt basis for the first and fourth qubit is independent in every
superselection sector. E.g.,
∣∣00〉 6= ∣∣01〉.
It is easy to see that the Von Neumann entropy of the density matrix for A in this state
is
S = Sc + Sq, (4.17)
were the first term is,
Sc = −p0 log p0 − p1 log p1, (4.18)
and the second term is
Sq = −[p0{α1,0 logα1,0 + α0,0 logα0,0}]− [p1{α1,1 logα1,1 + α0,1 logα0,1}]. (4.19)
These terms have the following interpretation. Sc is the entropy which arises due to the
probability of being in different superselection sectors. In fact, it is the minimum entropy
which can arise from any density matrix, eq.(4.10), subject to the constraint eq.(4.11),
eq.(4.12), which we have seen is preserved by any allowed unitary operator or measurement.
Sq on the other hand is the average of the entanglement entropies in the two superselection
sectors weighted by the probability of being in these sectors.
The distillation and dilution protocols we will discuss next involve local gauge-invariant
operators. Since, as noted above, these do not change p0, p1, we do not expect these
protocols to be able to extract the entropy in the first term, Sc. Instead, an efficient
protocol should at most to be able to extract the second term, Sq. We will see that the
protocols we discuss below indeed meet this expectation.
We had mentioned towards the end of section 2 that there are classical type of contri-
butions which arise in the entanglement of gauge theories, corresponding to the first term
in eq.(2.11) and the first two terms in eq.(2.30). The Sc term, eq.(4.18), in the toy model we
are considering here is in fact analogous to those contributions 5 eq.(2.30). We will return
to the connection with gauge theories again at the end of this section after analysing the
5Actually, as we will see later, for the Non-Abelian case Sc is analogous to the first term in eq.(2.30)
which is also the classical type of contribution we get in the electric centre definition, eq.(3.21).
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toy model in more detail.
4.2 The Distillation Protocol
We start by taking n copies of the state denoted by |ψ〉⊗n with Alice having access to the
n copies in A and Bob to the n copies in B. In the discussion below the different copies
will be labelled by the index r = 1, 2, · · ·n. Next, we consider a fuzzy measurement that
Alice performs on her n copies of the A subsystem, corresponding to the operator
Oˆ1 =
n∑
r=1
(
1 + σz,r2
2
)
. (4.20)
Here, we remind the reader that the label z denotes the σz Pauli matrix, the subscript 2
indicates that it acts on the 2nd qubit in eq.(4.4) and the label r specifies which copy among
the n the operator acts on. If the result of this measurement is m1, then the state after the
measurement is given by the symmetric superposition,
|ψ1〉 = 1√
N1
∑
(jr)|m1
|ψjr〉A ⊗ |ψjr〉B, (4.21)
where
∑
(jr)|m1 indicates that the sum is over all lists (jr), subject to the constraint that∑
r jr = m1. The normalisation N1 in eq.(4.21) takes the value
N1 =
(
N
m1
)
(4.22)
and is the total number of terms in the symmetric sum.
Next, Alice measures two additional variables,
Oˆ2 =
n∑
r=1
(|11〉r〈11|r)
(
1 + σz,r2
2
)
(4.23)
and
Oˆ3 =
n∑
r=1
(|10〉r〈10|r)
(
1− σz,r2
2
)
. (4.24)
Here |11〉r〈11|r stands for a projector which acts on the first qubit of the rth copy,
with |11〉 denoting the state of the first qubit in the Schmidt basis for the superselection
sector with j = 1, see discussion after eq.(4.16) above. Similarly |10〉r〈10|r also stands for
a projector of the rth copy, this time to a Schmidt basis state in the j = 0 superselection
sector
If these two measurements give rise to the results s1 and t1 respectively then the state
after these measurements is a symmetric superposition of NT1 terms
|ψ′〉 = 1√
NT1
∑
(jr,Ir)
∏
r
|Ijrr , jr〉A ⊗ |jr, Ijrr 〉B. (4.25)
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were the sum is over all lists (jr, Ir) with the following properties:∑
jr = m1 (4.26)∑′
Ir = s1 (4.27)∑′′
Ir = t1. (4.28)
Here
∑′ indicates a restricted sum over r where only those terms with jr = 1 contribute,
while
∑′′
indicates a restricted sum where only those values of r with jr = 0 contribute.
Note that NT1 in eq.(4.25) is given by
NT1 =
(
n
m1
)(
m1
s1
)(
n−m1
t1
)
. (4.29)
Now we come to an important point. The NT terms in eq.(4.25) arise as follows: There
are
(
n
m
)
distinct values that the set {j1, j2, · · · jn} can take subject to the constraint that∑
r jr = m. Each of these choices corresponds to a different superselection sector. Working
with only local gauge-invariant operators we do not expect to extract the entanglement
between the qubits Alice and Bob share due to this choice of superselection sectors. For
each choice of {j1, j2, · · · jn} and each possible value of s and t we have
(
m
s
)(
n−m
t
)
different
states corresponding to different choices of the I labels. We would expect to be able to
extract the entanglement in these states while preserving the superselection sectors for each
copy. Below we see in a precise sense that this expectation is indeed met.
To begin, consider the case where
2p =
(
m1
s1
)(
n−m1
t1
)
, (4.30)
for some integer p. In this case we provide both Alice and Bob with p qubits which are
unentangled and in the state
|0〉⊗pA ⊗ |0〉⊗pB , (4.31)
where A and B refer to the p qubits in Alice and Bob’s possession respectively. A unitary
transformation can now be carried out in each superselection sector, i.e. in each sector
labelled by a distinct choice of the set {j1, j2 · · · jn}, by Alice which swaps the component
of |ψ′〉, eq.(4.25), in this superselection sector, which she has access to, with that of the p
qubits. Bob carries out a similar swap on his side as well. Since the state in eq.(4.25) is
a symmetric superposition with the same number of summands, 2p, in each superselection
sector this results in maximally entangling the two sets of p qubits. The resulting state of
the full system consisting of the original n copies and the additional qubits is then given by 1√
N1
∑
(jr)|m1
∏
r
|0jr , jr〉A ⊗ |jr, 0jr〉B
⊗ |Φ+〉⊗p, (4.32)
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where
|Φ+〉 = (|00〉+ |11)/
√
2 (4.33)
refers to a Bell pair shared between Alice and Bob.
We emphasise that the components of |ψ′〉, eq.(4.25), corresponding to different su-
perselection sectors, have the same number of terms in a symmetric superposition. This
ensures that the above swap leaves the reference qubits unentangled with the state of the
system.
Let us also note that a swap transformation, which we will also often use below, is
a unitary transformation defined as follows. Let H and H˜ be two Hilbert spaces of the
same dimension and |φ〉 ⊗ |χ〉 ∈ H ⊗ H˜ , then under a swap transformation S which takes
H⊗ H˜ → H⊗ H˜,
|φ〉 ⊗ |χ〉 → |χ〉 ⊗ |φ〉. (4.34)
In the limit when we start with a large number of copies, n 1, it is easy to see that
with probability 1− 
2nSq(1−δ) <
(
m1
s1
)(
n−m1
t1
)
< 2nSq(1+δ), (4.35)
where Sq is the entropy eq.(4.19), and δ is small,
δ ∼ 1√
n
. (4.36)
We also remind the reader that in eq.(4.19) αI,j are the coefficients which arise in the expan-
sion in the Schmidt basis, eq.(4.16), and p0, p1 are the probabilities for the superselection
sectors j = 0, 1 respectively, eq.(4.4).
Eq.(4.35) arises by noting that for n 1 the expectation value for m1 is
〈m1〉 = np1 (4.37)
and for s1, t1 are
〈s1〉 = np1α1,1 (4.38)
and
〈t1〉 = np0α1,0 (4.39)
respectively. And by noting that fluctuations about this mean are suppressed by a fractional
power of order 1/
√
n. We also note that p defined in eq.(4.30) satisfies the condition
p > nSq(1− δ), (4.40)
which follows from eq.(4.35).
Of course, in general p defined by eq.(4.30) will not be an integer. In this case we
can repeat this whole procedure multiple times. Each time starting with n copies of the
state |ψ〉 Alice measures operators Oˆ1, Oˆ2, Oˆ3, obtaining in the lth iteration values ml, sl, tl
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respectively. After L total iterations the total number of copies is
nT = nL (4.41)
and the resulting state will consist of a symmetric superposition of several superselection
sectors. The number of terms in each superselection sector now will be
NT =
(
m1
s1
)(
n−m1
t1
)(
m2
s2
)(
n−m2
t2
)
· · ·
(
mL
sL
)(
n−mL
tL
)
. (4.42)
For L sufficiently large one can in this way ensure that
2k ≤ NT ≤ 2k(1 + ) (4.43)
for some integer k. Since 2k(1 + ) < 2k+1, to proceed Alice and Bob can then take
k + 1 reference qubits each, which are initially totally unentangled in a state analogous to
eq.(4.31), and swap their state with that of the system in any given superselection sector.
More accurately, Alice carries out this swap between the reference qubits and the component
of the state of the system she has access to and similarly for Bob. A measurement can then
be made projecting the state of the qubits to a 2k dimensional subspace with probability
1− . This will lead to k extracted Bell pairs which are in a totally entangled state.
It follows from eq. (4.35), eq.(4.19) that the ratio
lim
nT→∞
k
nT
= Sq (4.44)
This distillation procedure will work with probability 1 − , as mentioned above. With a
large enough number of copies,  can be made arbitrarily small.
Note that in eq.(4.32) the two parts of the n copies of the original system still share
some residual entanglement, since the choice of superselection sectors in both parts is cor-
related. This is also true more generally if we repeat the procedure L times. The residual
entanglement is a consequence of the superselection sectors, i.e. of gauge-invariance. Local
gauge-invariant operations cannot change the superselection sectors and thus acting with
only these operators does not allow this remaining entanglement to be extracted. The final
state of the original system, after L iterations is
|ψfin〉 =
 1√
N1
∑
(jr1 )|m1
∏
r1
|0jr1 , jr1〉A ⊗ |jr1 , 0jr1 〉B
⊗ · · ·⊗
 1√
Nl
∑
(jrl )|ml
∏
rl
|0jrl , jrl〉A ⊗ |jrl , 0jrl 〉B

⊗
· · ·
⊗ 1√
NL
∑
(jrL )|mL
∏
rL
|0jrL , jrL〉A ⊗ |jrL , 0jrL 〉B
 , (4.45)
where
Nl =
(
n
ml
)
. (4.46)
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4.3 The Dilution Protocol
In the usual discussion of dilution one considers a situation where at the start Alice and
Bob share a large number of Bell pairs and also Alice has at her disposal n copies of the
state |ψ〉. The state |ψ〉 is a bipartite system whose two parts, both in possession of Alice,
we refer to as A’ and C. Local operations are now carried out on the n copies of C by Alice
and local operations are also carried out by Bob in a coordinated way made possible by
classical communication. We then ask what is the minimum number of Bell pairs that are
needed so that after the protocol is over the entanglement between A’ and C is now shared
between Alice and Bob. More precisely, what is the minimum number of Bell pairs needed,
as n→∞, so that Alice and Bob share the n copies of |ψ〉 with very high fidelity.
The new feature in our discussion is that we are dealing with a system with superse-
lection sectors. Local allowed operators cannot change these superselection sectors. Thus
acting with only these operators we cannot hope to extract all the entanglement entropy
eq.(4.17) between A′ and C and transfer it to lie between Alice and Bob.
In order to construct the state |ψ〉 with high fidelity shared between Alice and Bob
it will therefore be necessary to start with a partially entangled state between Alice and
Bob. This state will carry the “barebones” entanglement given by the first term eq.(4.18)
which we do not expect to be able to transfer. Then we will show that the rest of the
entanglement, eq.(4.19), in the asymptotic limit of a large number of copies, n, with high
fidelity can be obtained by dilution of a set of shared Bell pairs. It will turn out that the
minimum number of Bell pairs required in this process k′ indeed meets the condition
lim
n→∞
k′
n
= lim
nT→∞
k
nT
= Sq, (4.47)
where k, nT are defined near eq.(4.44) and Sq is defined in eq.(4.19).
The partially entangled state we will start with in the protocol is given by
|ψin〉 = 1√
D
m=m¯(1+δ)∑
m=m¯(1−δ)
∑
(jr)|m
∏
r
√
pr|0jr , jr〉A ⊗ |jr, 0jr〉B. (4.48)
Here, D is the overall normalisation required to make this state of unit norm,
m¯ = np1 (4.49)
is the expectation value of
∑
jr in the n→∞ limit, and
δ ∼ O(1/√n). (4.50)
The state in eq.(4.48) is a bipartite state whose two parts denoted by A and B are accessible
to Alice and Bob respectively.
The rest of the steps involved in the protocol are similar to the standard discussion of
dilution. We start with n copies of |ψ〉 whose two parts we refer to as A′ and C both of
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which are in possession of Alice. From eq.(4.4) we see that
|ψ〉⊗n =
∑
(jr)
∑
(Ir)
∏
r
√
pr
√
αIr,jr |Ijrr , jr〉A′ ⊗ |jr, Ijrr 〉C . (4.51)
Here
∑
(jr)
stands for the sum over all lists {j1, j2, · · · jn}, and
∑
(Ir)
for the sum over all
lists {I1, I2 · · · In}.
Next, Alice Schumacher compresses the state |ψ〉⊗n by projecting onto a typical sub-
space. This can be done by measuring suitable fuzzy operators. The state is then give
by
|Φ〉 = N
m=m¯(1+δ)∑
m=m¯(1−δ)
√
pm1
√
pn−m0
s=s¯(1+δ2)∑
s=s¯(1−δ2)
t=t¯(1+δ3)∑
t=t¯(1−δ3)
√
αs1,1
√
αm−s0,1
√
αt1,0
√
αn−m−t0,0∑
(jr,Ir)
∏
r
|Ijrr , jr〉A′ ⊗ |jr, Ijrr 〉C , (4.52)
where N is an overall normalisation to make |Φ〉 of unit norm, and m¯ and δ are given in
eq.(4.49) and eq.(4.50) respectively. Also note that s¯, t¯ are dependent on m and given by
s¯ = mα1,1 (4.53)
t¯ = (n−m)α1,0. (4.54)
They are the expectation values for the operator Oˆ2, Oˆ3, eq.(4.23), eq.(4.24), respectively
for ∑
r
jr = m. (4.55)
Note also that we take δ2, δ3 ∼ O(1/
√
n) in eq.(4.52). And finally that
∑
(jr,Ir)
denotes a
sum over lists {(j1, I1), (j2, I2), · · · (jn, In)} such that
∑
r jr = m;
∑′ Ir = s, and∑” Ir = t,
where
∑′ denotes a sum in which only terms with jr = 1 contributes, and ∑” denotes a
sum in which only terms with jr = 0 contribute.
For any  > 0 by adjusting δ, δ2, δ3 we can get a state |Φ〉 which approximates |ψ〉⊗n
with fidelity 1− .
To proceed we first consider a particular superselection selector specified by a choice
of {j1, j2, · · · jn}. The component of |Φ〉 in such a sector lies in a space of dimension
d =
s=s¯(1+δ2)∑
s=s¯(1−δ2)
t=t¯(1+δ3)∑
t=t¯(1−δ3)
(
m
s
)(
n−m
t
)
, (4.56)
where m is given by eq.(4.55). Importantly, d is the same for all superselection sectors with
the same value of m.
As a result, one can consider the set of all superselection sectors which correspond
to the same value of m together. Alice can use two sets of qm qubits which are initially
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unentangled and in the state
|000 · · · 00〉 ⊗ |000 · · · 00〉. (4.57)
and extract the entanglement in all these superselection sectors. The number of qubits
needed are
qm = Sq(m)(1 +O(1/
√
n)) (4.58)
where
Sq(m) = −m[α1,1 logα1,1 + α0,1logα0,1]− (n−m)[α1,0 logα1,0 + α0,0 logα0,0] (4.59)
This follows from noting that d defined in eq.(4.56) takes the value
d = 2Sq(m)(1+O(1/
√
n)). (4.60)
To extract the entanglement in these superselection sectors Alice swaps the state of the
first set of qm qubits with that of A′ in each superselection sector, and then the state of
the second set of qubits with C also in the same sector. The second set of qubits is then
teleported to Bob using Bell pairs, following which Bob then swaps its state with that of
B also in the same superselection sector. Finally, Alice swaps the state of the first set of
qubits with that of A also in the same superselection sector. The number of Bell pairs used
up in the process is qm.
Actually, the last two swaps need to be defined more precisely as follows. Bob takes
the state of the second set of qubits obtained after teleportation and swaps it with states
in a d dimensional subspace of B obtained by taking the quantum numbers s, t defined in
eq.(4.53), eq.(4.54), now referring to the system B, in the range, s ∈ {s¯(1−δ2), s¯(1+δ2)}, t ∈
{t¯(1−δ3), t¯(1+δ3)}. Similarly for the last swap transformation that Alice carries out. Also,
we note that by adjusting δ2, δ3 (while keeping them to be O(1/
√
n)) we can ensure that
qm is an integer.
This procedure can be extended for all values of
m ∈ {m¯(1− δ), m¯(1 + δ)} (4.61)
in the sum, eq.(4.52), as follows. The number of values m takes is
∆m = 2∆q, (4.62)
where ∆q ∼ O(log√n). This follows from eq. (4.49) and eq. (4.50). One can therefore
keep track of which value of m one is working with by adding an additional ∆q number of
pairs of qubits (this number can also be made an integer by adjusting δ).
For this purpose we start with
qT = ∆q + qmax (4.63)
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number of pairs of qubits, where qmax is the maximum value q(m) takes as m ranges over
the set in eq.(4.61). It follows from eq.(4.49), eq.(4.58) that
qmax = nSq(1 +O(1/
√
n)). (4.64)
Each of the ∆q pairs can be taken in a Bell pair state. As a result the state of all of these
pairs is a symmetric superposition of ∆m states, with one set of ∆q qubits being completely
correlated with the other set. The remaining qmax pairs are in the states, eq.(4.57). The qT
pairs can then be divided into two sets, with each set containing half of the ∆q Bell pairs
and one set of the qmax pairs.
Depending on the state of the ∆q qubits in the first set Alice then carries out a swap
between the state of A′ in the set of superselection sectors with the corresponding value
of m and the qmax qubits in the first set. And she carries out a swap between C for the
same value of m and the second set of qmax qubits. More correctly, Alice carries out a swap
between the state of A′ with the appropriate value of m and a subset of the state of the
qmax qubits of dimension q(m), eq.(4.58), and similarly for C. The second set of qT qubits
is then teleported to Bob using Bell pairs, and then swapped with B. Once again this is
done by relating the values of the first ∆q qubits to the value of m in the state in possession
of Bob, eq.(4.48). And the first set of qT qubits is then swapped similarly with A.
The total number of Bell pairs consumed in this process is
k′ = qT = nSq +O(
√
n) +O
(
log
√
n
)
. (4.65)
The result of these operations is that |ψin〉, eq.(4.48), turns into the state |Φ〉 which is
now shared between A and B. From our discussion above it follows that this final state is
a good copy of |ψ〉⊗n with fidelity 1− . By taking n→∞ we can take → 0.
The number of Bell pairs consumed in this limit becomes
lim
n→∞
k′
n
= Sq (4.66)
which agrees with eq.(4.47) above.
4.4 Concluding Comments on the Toy Model
In the usual discussion of distillation and dilution, without superselection sectors, the end
point of distillation is an unentangled state, and so is the starting point of the dilution pro-
cess. One also finds that the maximum number of Bell pairs produced k during distillation
and the minimum number k′ used during dilution satisfy the condition
k < k′ (4.67)
with
lim
n→∞
k
n
= lim
n→∞
k′
n
= SEE (4.68)
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where SEE is the entanglement entropy. This allows one to conclude that the protocols
one has identified are optimal. For if one could have carried out the dilution process while
consuming fewer Bell pairs, then combining that with the known protocol for distillation
would lead to a process where one began and ended with the same unentangled state but
produced some net number of Bell pairs. This would be a contradiction since only LOCC
were involved.
In the discussion above with superselection sectors we have seen that k and k′ do meet
the conditions,6 eq.(4.67) and eq.(4.68). However the end point of distillation given in
eq.(4.45) and the state we needed to begin the dilution process, eq.(4.48), are not the same.
Thus one might wonder if one has identified the optimal protocols in this case. Perhaps
one can improve them and extract more Bell pairs than given in eq.(4.68)?
We now argue that this is not possible and the limit Sq identified above is indeed the
best one can do. The point is the following. We had already argued in section 4.1 that using
only local gauge-invariant operators we should not be able to extract the full entanglement
in the Bipartite state. A residual entanglement given by the Sc term in eq.(4.18) must
remain unextracted from the Bipartite state. This expectation is in fact borne out in the
two protocols above. It is easy to see that the entanglement per copy in the residual state
left over after distillation eq.(4.45) is indeed Sc, as is the entanglement in the starting state,
eq.(4.48), of dilution.
Thus, the beginning state of distillation and the end point of dilution in our protocols,
while not being the same, do achieve the minimum bound on the residual entanglement
that cannot be extracted. It then follows that the maximum entanglement that could have
been extracted in Bell pairs is given by Sq, the second term in eq.(4.17), eq.(4.19), which
is indeed met by the protocols above.
The argument about Sq being the maximum entanglement that can be extracted can
be seen as follows. Suppose we could have extracted more entanglement than Sq. Then, at
the end of the distillation process, tasteless as it may seem, working in the extended Hilbert
space where we allow non-gauge-invariant operators. we could also extract the entanglement
from the residual state which equals Sc. This would result in a total extracted entanglement
which is bigger that Sc + Sq, eq.(4.17), thereby leading to a contradiction.
4.5 Comments on Gauge Theories
Let us end by connecting our discussion of the toy model above with that for gauge theories.
As was mentioned in section 4.1 above, the Sc term, eq.(4.18), is analogous to the first term
in eq.(2.11) in the Abelian case and the first two terms in eq.(2.30) for the Non-Abelian
case. We have seen in the toy model that the entanglement corresponding to the Sc term
cannot be extracted during distillation or dilution. This suggests that the corresponding
terms also cannot be extracted in the Abelian and Non-Abelian cases respectively. It follows
then that the maximum entanglement one can extract, in the asymptotic sense where we
6While we did not elaborate on eq.(4.67) above, it essentially follows from the inequality eq.(4.40) and
eq.(4.65).
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work with n copies and take n→∞, is given by the second term in eq.(2.11),
Sq,A = −
∑
k
pkTrHkin ρ˜
k
in log ρ˜
k
in, (4.69)
for the Abelian case and by the third term in eq.(2.30),
Sq,NA = −
∑
k
pkTrHˆkin ρ¯
k
in log
(
ρ¯kin
)
, (4.70)
for the Non-Abelian case. This conclusion is in fact true and follows quite straightforwardly
from our discussion of the toy model as we will now see. Eq. (4.69) and eq.(4.70) are some
of the main conclusions of this paper. For a more complete definition of the various symbols
appearing in these equations we refer the reader to section 2 especially the discussion around
eq.(2.11) and eq.(2.30).
The toy model can in fact be immediately generalised to apply to an Abelian gauge
theory. As discussed in section 3, the Hilbert space of gauge-invariant states Hginv in the
Abelian case can be expressed as a sum over tensor products, eq.(3.6), where the sum is
over different superselection sections labelled by k.
In the toy model the second and third qubits, in the wave function, eq.(4.4) took the
same values and could not be changed by allowed local operators. These qubits then encode
for the superselection sectors in the model. To extend the toy model for the Abelian case
we simply add more qubits in both A and B, which are enough in number to encode for the
full superselection vector k. The constraint of gauge-invariance is that these qubits must
take the same values in A and B. Also we increase the dimension of the Hilbert spaces
spanned by the first and fourth qubits in eq.(4.4) to equal the dimension ofHkginv,in,Hkginv,out
respectively. Gauge-invariant operators acting on inside links allow states in Hkginv,in to be
transformed from one to another in general, and similarly for Hkginv,out. Our discussion of
the toy model then applies in a straightforward way to the Abelian case and shows that
the maximum entanglement which can be extracted is given by eq.(4.69). The residual
entanglement left over after distillation, or which must be present at the start of dilution,
is given by the first term in eq.(2.11).
The extension to the Non-Abelian case is also straightforward. Recall once again,
that in the context of the electric centre definition in section 3, we found that the space
of gauge invariant states could be written as a sum over tensor products, with the sum
being over different superselection sectors, eq.(3.15), for the Non-Abelian case as well. The
only difference here is that the labels of each superselection sector specify the irreducible
representation of the Non-Abelian gauge group under which the total ingoing (or outgoing)
flux at each boundary vertex transforms. The extension required for the toy model to
describe this case is then also very similar to the Abelian case of the previous paragraph.
The second and third qubit in the toy model are extended to describe the superselection
sectors in the Non-Abelian case, and the dimension of the spaces spanned by the first
and fourth qubits are extended to span the spaces Hkginv,in, Hkginv,out, which were defined
in section 3.2 for the Non-Abelian case. This leads to the conclusion that the maximum
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entanglement which can be extracted in the Non-Abelian case is given by the second term
in eq.(3.21), which is the third term in eq.(2.30) and in agreement with eq.(4.70).
The residual entanglement which cannot be extracted depends on the definition which
is used. For the electric centre definition this is given by the first term in eq.(3.21), which
is also the first term in eq.(2.30). For the extended Hilbert space definition the residual
entanglement is given by the first two terms in eq.(2.30) as was mentioned above.
The extension of the toy model for the Non-Abelian case as described above actually
gives the description of the state in Hginv which was discussed in section 3.2. The model can
be further extended to directly give the description of a state in the extended Hilbert space,
H. Since Hkginv,in,Hkginv,out, are already identified with Hˆkginv,in, Hˆkginv,out, respectively,
eq.(3.13), eq.(3.14), one needs to augment the Hilbert spaces spanned by the second and
third qubits of the toy model further by also adding the spaces H1 ⊗ · · · ⊗ Hn, and H′1 ⊗
· · ·⊗H′n respectively to them for this purpose. As was mentioned in the discussion around
eq.(3.12), given a state in Hkginv,in⊗Hkginv,out we can construct a unique state in Hk from it.
Summing over the different superselection sectors k then gives the state in H. In this way,
after the additional augmentation the toy model directly describes states in the extended
Hilbert space. It is then straightforward to see that the analysis above when carried out
in this augmented case leads to the conclusion that the entropy which can be extracted is
given by eq.(4.70) and the residual entanglement entropy which cannot be extracted is the
first two terms in eq.(2.30).
5 Degeneracy of the Non-Abelian Toric Code
Since, we as saw above, the full entanglement entropy given by the extended Hilbert space
definition cannot be extracted in distillation or dilution, one might ask whether an alternate
definition given by the entanglement which can be extracted in these processes, by the most
optimal protocols, is in fact more appropriate.
Here, we will examine a class of Non-Abelian toric codes [14] and find that the extended
Hilbert space definition has the attractive feature of leading to the correct topological
entanglement entropy, [12, 13]. It will turn out in these models that the extra terms which
arise in the extended Hilbert space definition (the first two terms in eq.(2.30)) make an
important contribution to the full answer. An alternate definition, corresponding to the
number of Bell pairs which can be extracted, will therefore not lead to the correct topological
entropy.
In fact, this is already true in the Abelian case, where the full entanglement, eq.(2.11)
is needed and the second term alone is not good enough, [2]. Here we will discuss the
Non-Abelian case to also bring out the significance of the second term in eq.(2.30) which
arises only in this context.
The fact that the extended Hilbert space definition gives the correct answer to the topo-
logical entanglement entropy for gauge theories based on toric codes is actually more or less
guaranteed to be true from their very construction. In these models gauge-invariance is only
imposed “weakly" to begin with, by a term in the Hamiltonian which makes it energetically
unfavourable to break this symmetry. While the resulting ground state is gauge-invariant
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the excited states are therefore not, in general. And the correct entanglement entropy is
obviously given by working in the extended Hilbert space. The gauge theory is recovered in
the limit in which the electric coupling Je →∞ (this coupling is defined in eq.(5.4) below).
It then follows that the natural definition of entanglement in the gauge theory should also
be obtained by the extended Hilbert space definition in this limit. Moreover, since the
topological entanglement entropy is by construction invariant under smooth deformations
of the Hamiltonian, it should not change as this limit is taken (provided correlation lengths
continue to be finite, as will be the case here). Thus, the extended Hilbert space definition
should lead to the correct topological entanglement entropy in the gauge theory too.
The purpose of carrying out the explicit calculations here is to illustrate that the extra
terms present in the extended Hilbert space definition, do contribute in an essential way in
the answer for the topological entanglement entropy.
We work in this section with toric codes based on a discrete non-Abelian symmetry
group G. The dimension of this group will be denoted by |G|, and its irreducible represen-
tations by ri, i = 1, · · ·n. A concrete example to keep in mind is S3, with dimension 6 and
three irreducible representations.
We work in 2 spatial dimensions. The degrees of freedom live on links Lij . For each link
these degrees lie in a Hilbert space Hij of dimension |G|. Suppressing the link indices for
the moment, a basis of the Hilbert space at each link is given by the orthonormal vectors,
{|g〉 : g ∈ G}. The corresponding basis elements for Hij are denoted by {|g〉ij}. A basis for
the full Hilbert space H = ⊗ijHij is obtained by taking the tensor product ⊗|g〉ij over all
the links. Note that each link Lij has an orientation. If this link is in the state |g〉ij then
its oppositely oriented counterpart Lji, would be in the state |g−1〉ji.
There is a left and right action of the group which can be defined by operators
Lh+,ij ,Lh−,ij on each link as follows:
Lh+,ij |g〉ij = |h · g〉ij (5.1)
Lh−,ij |g〉ij = |g · h−1〉ij (5.2)
for any h ∈ G. This is analogous to the action of the operators, Jˆa, Jˆ a in the SU(2) case,
eq.(5.1), eq.(2.13).
We also define projectors, T h+,ij , T
h
−,ij , by
T h+,ij |g〉 = δh,g|g〉ij , T h−,ij |g〉 = δg−1,h|g〉ij (5.3)
for any h ∈ G.
The Hamiltonian is given by the sum of two terms:
H = −Je
∑
i
Ai − Jm
∑
p
B(p) (5.4)
with i denoting all vertices, Vi, in the lattice and p denoting the sum over all elementary
plaquettes. The couplings, Jm, Je > 0.
The operator Ai is defined at each vertex Vi as follows. We take all links Lij to be
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oriented outward from the vertex, and take,
Ai =
∑
g
∏
j
Lg+,ij (5.5)
where Lg+,ij , defined in eq. (5.1), acts on the state of the Lij link. The sum in eq.(5.5) is
over all elements of G. The product in eq.(5.5) takes values over all links emanating from
Vi. Under a gauge transformation, parametrised by group element h, at vertex Vi, the state
|g〉ij of the Link Lij which emanates from i and goes to j transforms as |g〉ij → Lh+,ij |g〉ij .
Thus we see that the sum in Ai corresponds to a sum over all gauge transformations at
vertex Vi and the first term inH is then a sum over all gauge transformations for all vertices.
The operator B(p) is defined as follows. Consider the elementary plaquette p and orient
the links in the plaquette to run counter clockwise. There are four such links which we label
as 1, 2, 3, 4. Then
B(p) =
∑
h1,h2,h3,h4
T h1+,1T
h2
+,2T
h3
+,3T
h4
+,4, (5.6)
where the sum is over all values of group elements hi, h2, h3, h4, subject to the condition
h1h2h3h4 = 1. Loosely speaking the operator B(p) projects onto states where the magnetic
flux around the plaquette is identity.
It is easy to see that the two terms in H commute with each other. This makes it easy
to find the ground state, |s〉. This state is unique on the plane, R2. It is gauge-invariant
and satisfies the conditions,
Ai|s〉 = |s〉, (5.7)
at each vertex, and
B(p)|s〉 = |s〉 (5.8)
for each plaquette. The ground state is given by the symmetric sum of all states for which
the magnetic flux around each plaquette takes the value identity. We will be interested in
the topological entanglement entropy of |s〉.
A
B C
Figure 2. The topological entanglement entropy can be calculated form three regions of this sort,
by the formula, eq. (5.9).
Consider three regions A,B,C shown in Figure 2. Let SA be the entanglement entropy
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of A with the rest of the system, SA∪B the entanglement of A∪B with the rest, etc. Then
the topological entanglement is defined as
Stop = SA + SB + SC − SA∪B − SB∪C − SC∪A + SA∪B∪C . (5.9)
To compute it we will first consider a single region which is the set of links on and inside
a rectangle as shown in Fig 1 and show how its entanglement is computed. The result for
Stop will then follow.
For the rectangular region let there be n boundary links taking values, 1, 2, · · ·n, ordered
in an anticlockwise fashion. And let us consider a configuration where the degree of freedom
on each of these boundary links take values, {h1, h2, · · ·hn}, meeting the condition,
h1h2 · · ·hn = 1 (5.10)
as required for state |s〉. Due to the constraint, eq.(5.10), only n−1 of the link variables are
independent resulting in |G|n−1 such independent configurations. Now since the magnetic
flux on all plaquettes is completely determined in the state |s〉, eq.(5.8), it can be shown that
the resulting state which contributes to the ground state |s〉 with the choice {h1, h2, · · ·hn}
has the form,
|h1h2h3 · · ·hn〉 ⊗ |ψ{hi},out〉 ⊗ |ψ{hi},in〉. (5.11)
Here |ψ{hi},out〉, |ψ{hi},in〉, are pure states defined on the Hilbert spaces of the outside and
inside links, and |h1h2h3 · · ·hn〉 is a shorthand for the state |h1〉 ⊗ |h2〉 ⊗ · · · ⊗ |hn〉 of
the boundary links. Further, the states |ψ{hi},out〉, in eq.(5.11), for distinct choices of the
boundary links, {h1, h2, · · ·hn}, are orthogonal. Similarly, the states |ψ{hi},in〉 are also
orthogonal.7
The state |s〉 can then be written down as the sum of all such terms,
|s〉 = 1
|G|n−12
∑
{hi}
|h1h2h3 · · ·hn〉 ⊗ |ψ{hi},out〉 ⊗ |ψ{hi},in〉, (5.12)
where the sum is over all values of {h1, h2, · · · , hn} subject to the condition eq.(5.10). There
are |G|n−1 orthogonal states in the sum resulting in the pre factor in eq.(5.12) which makes
|s〉 of unit norm.
Tracing over the outside links then gives the density matrix
ρin =
1
|G|n−1
∑
{hi}
|h1h2h3 · · ·hn〉 ⊗ |ψ{hi},in〉〈h1h2h3 · · ·hn| ⊗ 〈ψ{hi},in| (5.13)
Since the density matrix is diagonal in the basis, |h1h2 · · ·hn〉 ⊗ |ψ{hi},in〉, in fact a
multiple of the identity, the entanglement is easily computed. We get,
SEE = (n− 1) log(|G|) (5.14)
7Eq.(5.11) can be seen, for example, by fixing gauge at all vertices, other than boundary vertices. Such
a gauge fixing does not change the entanglement entropy.
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due to the n− 1 independent boundary links.
The topological entanglement can now be easily calculated for the three regions shown
in Fig 2 and gives
Stop = − log(|G|) (5.15)
5.1 The Different Superselection Sectors
Let us now go back to the rectangular region in Fig 1 and try to understand our result for
the entanglement in terms of contributions from different superselection sectors as defined
in section 2. The links of interest are those inside and on the boundary of the rectangle,
their degrees of freedom lie in Hin. We will refer to the basis {|h1h2 · · ·hn〉} used to describe
the states of the boundary links above as the “magnetic basis” below. The states |h〉 of a
link are not gauge-invariant under a gauge transformation acting on its end points. This
means that the basis {|h1h2 · · ·hn〉} is not invariant under boundary gauge transformations.
By a boundary gauge transformation we mean a gauge transformation acting at one of the
boundary vertices.
The basis in which the contribution from different superselection sectors becomes man-
ifest is a different one. It is obtained by decomposing the Hilbert space of the inside links,
Hin, into irreducible representations of the boundary gauge transformations. Although the
basis elements |h1h2 · · ·hn〉 for the boundary links are not invariant under these transfor-
mations, an important point to note is that the sector satisfying the condition, eq.(5.10),
for which the density matrix has non-trivial support, is indeed invariant. This sector can
therefore by itself be decomposed into irreducible representations of the boundary gauge
transformations. Notice also, as is clear from eq.(5.12), eq.(5.13), that in this sector the
density matrix has a very simple form, namely being a multiple of the identity. It therefore
must continue to have this form even when we decompose the sector into the irreducible
representations of the boundary gauge transformations.
Our job of expressing the entanglement in terms of different superselection sectors is
therefore quite easy. We have simply to figure out which irreducible representations of the
boundary gauge transformations occur after we carry out this basis change.
A superselection sector is specified by the vector k = {r1, r2, · · · , rn}. States of Hin
lying in this sector transform as the ri representation under a boundary gauge transforma-
tion at the vertex Vi. To see why this specifies a superselection sector, we note that Gauss’
law then tells us that the outside links (oriented suitably) leaving Vi must transform as
the conjugate representation, r¯i. Now, the state of the outside links cannot be changed
by operators acting on the inside links alone. Thus the superselection sectors cannot be
changed by gauge-invariant operators acting only on the inside region.
It is easy to see that the different representations r1, r2, · · · , rn which enter in k are
not all independent. The constraint eq.(5.10) satisfied by the boundary links leads to a
condition amongst them. For given values r1, r2, · · · rn−1 of the representations under the
gauge transformations at the first n−1 boundary vertices one finds that the only values for
rn which appear are those which can combine with the others to give a singlet of G. For the
state |s〉 we started with, this is in fact the only constraint. Since the state is a symmetric
sum over all links satisfying the condition eq.(5.10), all values of {r1, r2, · · · rn} must appear,
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subject to this one constraint, when we decompose the sector, eq.(5.10), into irreducible
representations. While we omit some of the steps here, this result can be obtained by
starting with the basis |h1, h2, · · ·hn〉 for the boundary links and explicitly changing to
a new basis which transforms as an irreducible representation under the boundary gauge
transformations.
As a check we note the following. Let us denote the dimension of the rthi representation
of G to be di, so that the r1 representation has dimension d1, etc. Then the dimension of the
representation obtained by taking a tensor product of the, {r1, r2, · · · rn} representations is
d1d2 · · · dn. For a given set of values of the first n − 1 labels, {r1, r2, · · · , rn−1} we get a
subspace of dimension
d1d2 · · · dn−1. (5.16)
For the state to be a singlet under global gauge transformations, rn must take the values
corresponding to all the irreducible representations that appear in r1⊗· · ·⊗rn−1. Therefore,
for any given set of values {r1, · · · rn−1} the set of values rn can take must satisfy∑
rn
dn = d1 · · · dn−1. (5.17)
However, a representation may appear in multiple linearly independent ways in the tensor
product of n−1 representations; this corresponds to the fact that the identity representation
appears in multiple linearly independent ways in the tensor product r1 ⊗ · · · ⊗ rn. Since
the superselection sectors are completely specified by the representations {r1, · · · rn}, all
the combinations belong to the same superselection sectors.8 We will denote the number of
combinations as Nk below. In terms of our discussion in section 2.2, the subspace of Hkin,
the subspace of Hin corresponding to the superselection sector k, on which ρkin has support
is of the form given in eq.(2.22), with Hi, i = 1, · · ·n, having dimension di, and Hˆkin being
replaced by a subspace of dimension Nk.
Summing over all values of r1, · · · rn, with this one constraint then gives the total
dimension, to be
NT =
∑
r1,r2,···rn
d1d2 · · · dn =
∑
r1,r2,···rn−1
d21d
2
2 · · · d2n−1 = |G|n−1, (5.18)
where we have used eq.(5.17), and the relation∑
r
d2r = |G|. (5.19)
We see that NT is in fact equal to the total dimension of the space of states which occur in
|s〉, eq.(5.12).
It was mentioned above that after the change of basis ρin must continue to be a multiple
of the identity. Form this it follows that the probability to be in any superselection sector,
8The original version of the paper had an error. It claimed that only one singlets state could appear in
each superselection sector. The discussion, with the correct argument given here appeared in [22].
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pk, is proportional to the number of the states in the superselection sector for which ρin
has non-trivial support, resulting in,
pk =
(
∏n
i=1 di)Nk
|G|n−1 . (5.20)
The entanglement entropy is then given by
SEE = −
∑
k
pk log pk +
∑
k
pk
(
n∑
i=1
log di
)
+
∑
k
pk logNk. (5.21)
The three terms on the RHS correspond to the three terms in eq.(2.30) respectively. In
particular, while first two terms cannot be extracted in distillation or dilution, the last term
can be can be measured through these processes. It is easy to see from eq.(5.18), eq.(5.19)
that the entanglement in eq.(5.21) agrees with eq.(5.14).
Now that we have verified that the full answer for the entanglement in the ground
state of the toric codes considered here gets a significant contribution from terms which
are not amenable to extraction in distillation and dilution, it also follows that dropping
these terms will not give rise to the correct topological entanglement. Let us also note that
the topological entanglement entropy on general grounds is related to the total quantum
dimension, [12, 13]. From this general relation and our result, eq.(5.15) we see that total
quantum dimension, D, in the models we have been considering here is given by
D = |G| (5.22)
It is easy to verify that this is the correct answer in simple examples. E.g. for S3, we get
D = 6, which agrees with the value obtained after summing over the quantum dimensions
of all particles in the model (see, e.g., [23]).
6 Entanglement Entropy in the Strong-Coupling Expansion
We have seen in the section above on the Non-Abelian toric code that the entanglement
in the ground state arises due to the contribution from the first two terms in eq.(2.30).
Here, we study an SU(2) gauge theory in the strong-coupling expansion. Working to first
non-trivial order we find once again that the entanglement arises entirely due to the first
two terms in eq.(2.30). This calculation has been done earlier [4, 15, 24], but we reproduce
it here to emphasise the role of these terms.9
The set up here is closely related to that in section 2.2 where we also discussed the
SU(2) theory, and we use the same notation. We work on a square lattice. The degrees of
freedom on each link Lij lie in a Hilbert space Hij with states, |Uij〉. The Hamiltonian of
9For an interesting discussion of the relation of this answer and that of the previous section to confine-
ment, see [15, 25].
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this model, see [26], after suitably rescaling, is
H =
g2
2
∑
(ij)
Jˆ2ij +
∑
(ijkl)
4
g2
tr
(
Pˆ{ijkl} + Pˆ
†
{ijkl}
)
, (6.1)
where
Pˆ{ijkl} = UˆijUˆjkUˆklUˆli (6.2)
is the product of all link variables along an elementary plaquette formed by the links,
Lij , Ljk, Lkl, Lli. The sum in the first term is over all links (ij), and in the second term
over all elementary plaquettes (ijkl). The operator Jˆ2ij =
∑3
a=1(Jˆ
a
ij)
2 was described in
section 2.2, eq.(5.1). Each link appears once in the sum in the first term in eq.(6.1). Since
Jˆ2ij = Jˆ 2ij , eq.(2.14), eq. (2.15), the orientation of the link does not matter.
g2 in eq.(6.1) is the coupling constant. We work in the strong coupling limit where
g2  1. The Hamiltonian eq.(6.1) can also be written as
H =
g2
2
[
H0 +
3
2
H1
]
, (6.3)
where
H0 =
∑
(ij)
Jˆ2ij , (6.4)
H1 = tr
(
Pˆ{ijkl} + Pˆ
†
{ijkl}
)
, (6.5)
 =
16
3g4
. (6.6)
The prefactor g
2
2 can be absorbed in H by a rescaling giving
H = H0 +
3
2
H1. (6.7)
In the strong coupling limit,   1. We will be interested in computing the ground state
of H in perturbation theory in  and then computing the entanglement of a rectangular
region, shown in Fig 1. We include the links on the boundary in our choice of the inside
set of links.
To leading order the Hamiltonian is given by H0 and the ground state is an eigenstate
with zero angular momentum for all links, i.e., (Jij)2 = 0 for all links Lij . We denote the
link Lij in the zero angular momentum state by |0〉ij and the full ground state, which is a
tensor product, ⊗(ij)|0〉ij , by |0(0)〉.
To construct the first order correction to the ground state wave function, we note that
the operator tr
(
Pˆ{ijkl}
)
acting on |0(0)〉 excites the links appearing in the plaquette to a
state which now carries 1/2 units of angular momentum. This follows from the commutation
relations,
[Jˆaij , Uˆαβ] =
−σaαγ
2
Uˆγβ, (6.8)
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[Jˆ aij , Uˆαβ] = Uˆαγ
σaγα
2
, (6.9)
where σa, a =, 1, 2, 3 are the usual Pauli matrices. We also note that Jˆ aij = Jˆaji, eq.(2.14).
Each link Lij has two ends and we can think of Jˆaij and Jˆ
a
ji as generating an SU(2) transfor-
mation at the i and j vertices respectively. From the commutation relations above we see
that the state Uˆij |0〉ij transforms as a spin 1/2 representation under both of these trans-
formations. The trace in H1, eq.(6.5), gives rise to a contraction of indices, and as a result
the excitations of two links ending at a vertex of the plaquette combine to give net zero
angular momentum with respect to the SU(2) transformations at the vertex. This results
in a unique state for the four links, which we denote as |P{ijkl}〉 leading to
tr
(
Pˆ{ijkl}
)
|0〉{ijkl} = |P{ijkl}〉, (6.10)
where |0〉ijkl stands for the tensor product |0〉ij ⊗ |0〉jk ⊗ |0〉kl ⊗ |0〉li of the 4 links each in
the state with zero angular momentum.
Acting with tr
(
Pˆ †{ijkl}
)
we get the same state,
tr
(
Pˆ †{ijkl}
)
|0〉ijkl = |Pijkl〉. (6.11)
It follows from standard time independent perturbation theory then that the first order
state is given by
|0(1)〉 = 3
2
P 1
E0 −H0PH
(1)|0(0)〉, (6.12)
where P is the projector onto the subspace of non-zero energies of H0. The full state to
this order is then
|0〉 = N
[
|0(0)〉+ 3
2
P 1
E0 −H0PH
(1)|0(0)〉
]
, (6.13)
where N is a normalisation to ensure that |0〉 has unit norm.
It is easy to see that all states excited by a single plaquette insertion of the form
eq.(6.10), eq.(6.11), have an eigenvalue, 3, with respect to H0, while E0 = 0. This gives,
|0〉 = N
[
|0(0)〉 − 
2
H(1)|0(0)〉
]
. (6.14)
Now there are three kinds of plaquettes, those which have links lying completely outside
the region of interest, those which have links lying completely inside, and those which have
some inside and outside links (note that as per our definition of the region of interest, the
links on the boundary of the rectangle in Fig 1 are also in the inside set). We will refer to
these as the outside, inside and boundary plaquettes respectively below.
This gives,
|0〉 = N
[
|0(0)〉 − 
(∑
out
|P{ijkl}〉out +
∑
in
|P{ijkl}〉in +
∑
bd
|P{ijkl}〉bd
)]
(6.15)
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where the suffixes out, in and bd stand for states obtained by acting with the outside, inside
and boundary plaquettes respectively.
Let nin, nout, nbd be the number of in, out and boundary plaquettes respectively, so
that
N = nin + nout + nbd (6.16)
is the total number of plaquettes. Also, a simple calculation shows that the norm of each
state |P{ijkl}〉 is
〈P{ijkl}|P{ijkl}〉 = 1. (6.17)
Then we have that the normalisation is
N = 1√
1 +N2
. (6.18)
It is then easy to see that the density matrix for the inside links that we get, in the
extended Hilbert space definition, is
ρin =
1
1 +N2
[{
|0〉in − √nin
(
1√
nin
∑
in
|P{ijkl}〉
)}{
〈0|in − √nin
(
1√
nin
∑
in
〈P{ijkl}|
)}
+ nout
2|0〉in〈0|in + 2
∑
bd
TrHout |P{ijkl}〉〈P{ijkl}|
]
(6.19)
|0〉in stands for the state of the inside links obtained by taking the tensor product of the
|0〉ij states with vanishing angular momentum at each link, and the symbols,
∑
in,
∑
bd,
stand for a sum over all inside and boundary plaquettes. The first term above arises after
tracing over a state in which the outside links are unexcited and have vanishing angular
momentum. The second term after tracing out states in which outside links lying in one
outside plaquette have been excited, while the third term arises from states in which a
boundary plaquette has been excited.
In terms of different superselection sectors, we see that the contribution in the first line
in eq.(6.19) and the first term in the second line correspond to the superselection sector
where the total angular momentum at each boundary vertex vanishes. The second term on
the second line arises from sectors where the angular momentum at two adjacent boundary
vertices, connected by the boundary plaquette appearing in the sum, does not vanish. We
see from Fig 1, that for the rectangular region under consideration each boundary plaquette
has three links in the outside and one link in the inside (since boundary links are also in
the inside set). The state |P{ijkl}〉, involving a boundary plaquette therefore has three
links outside and one link on the boundary of the rectangular region excited with 1/2 unit
of angular momentum. The two boundary vertices with non-zero angular momentum are
the ones on which the boundary link of this plaquette ends. The angular momentum, J2T ,
eq.(2.18), at both these vertices is 3/4 corresponding to j = 1/2. For n boundary links we
get n different superselection sectors of this type.
The entanglement entropy can be calculated by adding the contributions from each
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superselection sector. The probability to be in a sector where the electric flux in two
adjacent boundary vertices is non-vanishing can be obtained by taking the trace of ρin in
this sector. We get
p(1/2,1/2) = N 22 ≈ 2. (6.20)
There are nbd such sectors. We have used the subscript (1/2, 1/2), to remind ourselves that
two boundary vertices have j = 1/2. The precise boundary vertices are not important,
since we get the same probability for all sectors of this kind.
The probability to be in the sector where the angular momentum at each boundary
vertex vanishes is given by taking the trace of the first two terms and given by
p0 = N 2[1 + 2(nin + nout)] ≈ 1− 2nbd. (6.21)
As a check we see that nbdp(1/2,1/2) + p0 = 1 as required.
Coming back to the sectors which carry non-trivial total angular momentum it is easy to
see that the resulting vector k, defined in section 2.2 has two non-zero values corresponding
to the two adjacent boundary vertices with non-zero angular momentum, and these take
values 3/4, eq.(2.21). The Hilbert space in the sector Hkin is of the form eq.(2.22), where
n = nbd and only two of the Hilbert spaces H1, · · ·Hn have dimension 2 while the others
have dimension 1. Also, it is easy to see that the state in Hˆkin is pure. The density matrix
in this sector ρkin is also of the form eq.(2.23), where ρˆ
k
in is a number.
The resulting contribution from these sectors to SEE then comes only from the first
two terms in eq.(2.29) and is
δ(1/2,1/2)SEE = nbd[−p(1/2,1/2) log p(1/2,1/2) + p(1/2,1/2) log(4)]. (6.22)
For the sector where no angular momentum is excited at the boundary vertices we get
a contribution to SEE from the first term in eq.(2.29), and potentially the last term. The
reduced density matrix is
1
1 + (nin + nout)2
(
1 + nout
2 √nin√
nin nin
2
)
(6.23)
in the basis
{
|0〉in , 1√nin
∑∣∣P ini 〉}. This matrix has eigenvalues of order 4, and therefore
its contribution up to O(2) is negligible. The contribution from this sector is then
δ(0)SEE = −p0 log p0. (6.24)
Summing, the total entanglement is
SEE = nbd[−p1/2,1/2 log p1/2,1/2 + p1/2,1/2 log(4)]− p0 log p0 ≈ nbd2
[
log
1
2
+ 3
]
(6.25)
where we have set log 4 = 2. From eq.(6.20) and eq.(6.21) we see that this is of order
2 log
(
2
)
.
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A few more comments are in order. First, we see that the contribution up to the first
non-trivial order comes entirely from the first two terms in eq.(2.29), as was mentioned
above. Second, since our leading answer is, up to a log correction, of O(2), the reader may
wonder whether we should have calculated the corrected wave function to second order in
perturbation theory. The change in normalisation to this order has already been taken into
account by the factor N . It is easy to see that additional corrections are not needed. Such
a correction which we denote as |0(2)〉 would contribute at this order to the density matrix
only through terms of the form |0(0)〉〈0(2)|+ |0(2)〉〈0(0)|, where the |0(2)〉 state is orthogonal
to |0(0)〉. As a result, these terms, which only contribute to the superselection sector with
zero angular momentum entering at each boundary vertex, give a contribution of O(4)
which can be neglected.
Finally, the lattice theory at strong coupling is well known to be confining. This is
related to the fact that leading behaviour in eq.(6.25) is proportional to the number of
boundary plaquettes, nbd. Since nbd also equals the number of boundary links, n, the
entanglement is proportional to the length of the boundary. It is interesting to compare
these results with the toric code model studied in section 5. Confinement, in the strong
coupling theory, is accompanied with electric order. Electric flux tubes cost energy to excite.
As a result Gauss’ law is implemented at the boundary in a local way, with the electric flux
which enters from a boundary vertex exiting from an adjacent vertex. This results in the
leading behaviour being proportional to the number of boundary links and the topological
entanglement entropy of the three regions shown in Fig. 2 vanishing. In contrast, in the toric
code there is a a global constraint, that the representations {r1, r2, · · · , rn} must be able
to combine into a singlets, which is the analogue of a global Gauss law. The constraint is a
global one since the cost for electric flux tubes to stretch across the inside is not significant.
As a result the electric flux on boundary vertices can take all values subject to one overall
constraint. This one global constraint results in the entanglement being proportional to
n− 1, eq.(5.14), leading to a non-trivial topological entanglement.
7 Conclusions
In this paper we explored the extended Hilbert space definition for the entanglement entropy
of gauge theories in some detail. The entropy can be expressed as a sum over different
superselection sectors. These sectors correspond to different values for the electric flux,
specified in a gauge-invariant way, which can enter the links of interest at each of the
boundary vertices. The resulting answer, in each sector, gets a contribution from two kinds
of terms. The first kind is a sort of classical contribution which arises from the probability to
be in this sector. The second kind is a quantum contribution due to quantum correlations
in the sector. In the Non-Abelian case the classical contribution includes an extra term
which arises as follows. In each sector with nonzero electric flux at a boundary vertex, the
set of inside and outside links terminating at this vertex must transform in a non-trivial
representation of the gauge group. Due to gauge-invariance these non-trivial representations
for the inside and outside links then combine and appear in the wave function only as a
singlet of the gauge symmetry. This leads to additional entanglement between the inside and
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outside links in the Non-Abelian case since the irreducible representations are of dimension
greater than one, leading to the extra term in the classical contribution. The result for the
entanglement entropy in the extended Hilbert space definition is given in eq.(2.30). The
classical terms are the first two on the RHS in eq.(2.30), of these the second term is the
one which only arises in the Non-Abelian case.
We also examined the processes of entanglement distillation and dilution for gauge
theories in some detail and showed that the number of Bell pairs which can be extracted
in these processes are equal, in an asymptotic sense, with a large number of copies of the
system, to only the quantum type of contribution, i.e. the third term in eq.(2.30). We
argued on general grounds that the quantum contribution was the maximum bound which
one could hope to achieve, since local operations involving gauge-invariant operators cannot
change the superselection sectors. And we also exhibited protocols for distillation and
dilution where the number of extracted or consumed Bell pairs achieved this bound. The
operational definition in terms of the number of Bell pairs one can extract therefore gives
a smaller value for the entanglement entropy than the extended Hilbert space definition.
An electric centre definition, following [2] in the Abelian case, was also presented for
Non-Abelian theories in the paper. It was found, interestingly, that this too differed from
the extended Hilbert space definition. The difference arises only for the Non-Abelian case in
the second term in eq.(2.30) which is absent in the electric centre definition. This result is
therefore “midway" between the extended Hilbert space definition and the operational mea-
sure described in the previous paragraph: it contains the first and third terms in eq.(2.30)
but not the second term.
These differences between various definitions seem bewildering. Which definition should
one trust?
One reason that the entanglement entropy is useful is that it often provides answers
to physical questions. Since the questions are physical the answers are unambiguous. For
example, the entanglement entropy can be used to define the topological entanglement
entropy which in turn is often related to the degeneracy of ground states on a manifold of
non-trivial topology or the quantum dimension of excitations in the system. We calculated
the topological entanglement entropy using the extended Hilbert space definition for a class
of Toric code models based on discrete Non-Abelian gauge groups here and showed that it
gives the correct result for the quantum dimension. The classical terms make a significant
contribution to the full answer in these models, including an important contribution coming
from the second term in eq.(2.30) which arises only in the Non-Abelian case. Dropping some
or all of these classical contributions would therefore not yield the correct result.
These investigations suggest to us that the extended Hilbert space definition is indeed a
useful one to use. That it does not agree with the operational measure of the number of Bell
pairs that can be extracted from the system may be viewed as a distinctive feature of gauge
theories. This property is closely tied to the fact that non-local excitations corresponding
to Wilson loops and electric flux loops are present in these theories. It seems important to
us to study this universal feature of gauge theories further.
There are many other ways in which this work can be extended. While we did not
comment on gauge theories with matter explicitly in the paper, it is in fact easy to apply
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the extended Hilbert space definition for such systems as well. In this case the matter
degrees of freedom live on vertices of the lattice, and the system of interest, the “in” system,
is then specified by a state on a set of links and vertices. The extended Hilbert space
consists of the space obtained by taking the tensor product of link Hilbert spaces for the
gauge field degrees of freedom and vertex Hilbert spaces for matter degrees of freedom. Like
in the pure gauge field case, this Hilbert space too by definition admits a tensor product
structure. Thus tracing over the outside degrees of freedom, which are in the complement
of the inside degrees, we can compute ρin, eq.(2.3), and then the entanglement entropy,
eq.(2.4).
One of the properties which makes the extended Hilbert space definition attractive is
that it agrees with a path integral calculation which implements the replica trick. It would
be useful to study the continuum limit of the lattice system we have investigated here and
analyse the entanglement entropy in this limit. On the lattice it is easy to see that the
extended Hilbert space definition is unchanged if one fixes the gauge for vertices securely
in the inside or outside. However, gauge fixing the vertices which lie on the boundary,
where some links inside and outside terminate, in general changes the result. Going to the
continuum, starting from this lattice definition, should help us clarify what kind of gauge
fixing is allowed in the continuum too. One expects the results for finite quantities, related
to mutual information or topological entanglement entropy for example, should be more
universal in the continuum limit.
Finally, in 2 space dimensions it is well known that gauge theories are dual to spin
systems. The duality is non-local in space-time. It would be useful to understand how
the entanglement entropy transforms under this duality, both in the lattice and in the
continuum.
We leave these and other related fascinating questions for the future.
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